The study of n-Lie algebras which are natural generalization of Lie algebras is motivated by Nambu Mechanics and recent developments in String Theory and M-branes. The purpose of this paper is to define cohomology complexes and study deformation theory of n-Lie algebra morphisms. We discuss infinitesimal deformations, equivalent deformations and obstructions. Moreover, we provide various examples.
Introduction
Ternary operations and more generally n-ary operations appeared for the first time associated with the cubic matrices studied by A. Cayley in the XIXth century. Since then, multioperators rings and algebras have been studied in various modern mathematical works. The interest on generalization of ordinary Lie algebras was motivated by their connection to Nambu Mechanics [17] which allows to consider more than one hamiltonian and also by more recent applications in String Theory and M-branes. For more application in Physics see [20] . The algebraic study of n-Lie algebras or n-ary Nambu-Lie algebras was introduced first by Filippov in [6] and completed by Kasymov in [14] . A n-Lie algebra is defined by a n-ary multilinear operation which is skew-symmetric and satisfies Filippov-Jacobi identity. In particular, for n = 3 this identity is 
Basics
In this section, we summarize the main definitions about n-Lie algebras, representations and cohomology of n-Lie algebras with values in the algebra itself.
In the sequel all vector spaces are considered over an algebraically closed field K of characteristic 0. 
where σ runs over the symmetric group S n and the number τ(σ) equals 0 or 1 depending on the parity of the permutation σ. We call condition (2) Nambu identity, it is also called fundamental identity or Filippov identity.
The map
ad(x 1 , . . . , x n−1 )(x n ) = [x 1 , . . . , x n−1 , x n ] f or x n ∈ N
is referred as a left multiplication defined by elements x 1 , . . . , x n−1 ∈ N . The Nambu identity (2) The identity (2), for n = 2, corresponds to the Jacobi identity. The concept of representation of Lie algebras is generalized to n-Lie algebras in a natural was as follows. 
for all
) be a n-Lie algebra. The map ad defined in (3) is a representation. It is called adjoint representation.
be two n-Lie algebras and φ : N → N ′ be a n-Lie algebra morphism. Let ∧ n−1 N be the set of elements x 1 ∧ · · · ∧ x n−1 that are skew-symmetric in their arguments.
• The mapφ :
We denote by L(N ) the space ∧ n−1 N and we call it the fundamental set.
Proof. We have
Thus, the result holds.
Moreover, we have the following fundamental result, providing a representation of a n-Lie algebra by a Leibniz algebra. Recall that a Leibniz algebra is a vector space with a binary bracket satisfying the following identity.
[
is a Leibniz algebra with respect to the bracket
Notice that ∧ n−1 N merely reflects that the fundamental object X = (x 1 , · · · , x n−1 ) ∈ ∧ n−1 N is antisymmetric in its arguments; it does not imply that X is a (n − 1)-multivector obtained by the associative. Now, we recall the cochain complex of n-Lie algebras with values in itself; for more details see [19, 3] . 
Cohomology of n-Lie algebras with values in an adjoint module
The purpose of this section is to construct cochain complex (C * (N , N ′ ), δ) that defines a cohomology for n-Lie algebras in an adjoint N -module N ′ . 
Proposition 2.2. We have δ m+2 • δ m+1 = 0.
Proof.
We will show that the sum of terms named by the same letter vanish. Indeed, thanks to identity (7) in
, which is a Leibniz algebra), we get
Thanks to the property (6), we get (d1) + (d2) + (d3) = 0. Now, we have
Indeed: First, we can see that formulas (i1) and (i3) can be expressed as follows:
Second, we check that
Then, we get formula (10).
Next, we have
Indeed: First, we can see that formulas (q2) and (q3) can be expressed as follows:
Second, we check that ((q 2 3) + (q1) = 0 and ((q 3 1) + (q 2 1) + (q 2 2) + (q 3 2) = 0. Then, we get formula (11).
Finally, we can see that the other case are equal to 0 by direct calculation.
Definition 2.3. The space of (n + 1)-cocycles is defined by
and the space of (n + 1)-coboundaries is defined by
One has B n+1 (N , N ′ ) ⊂ Z n+1 (N , N ′ ). Then, we call the (n + 1) th cohomology group of the n-Lie algebra N with coefficients in N ′ , the quotient
.
Cohomology complex of n-Lie algebra morphisms
The original cohomology theory associated to deformation of Lie algebra morphisms was developed by
Frégier in [7] . The aim of this section is to provide the main result of this paper, that is a generalization of this theory to n-Lie algebra morphisms.
Let φ : N → N ′ be a n-Lie algebra morphism. Regard N ′ as a representation of N via φ wherever appropriate. We define the module of (m + 1)-cochains of the morphism φ to be
The coboundary operator
where δ m+1 ϕ 1 and δ m+1 ϕ 2 are defined by (8), δ m ϕ 3 is defined by (9) 
Proof. The most right component of (δ
Thus, to finish the proof, one checks that
Definition 3.2. The corresponding cohomology modules of the cochain complex (C
, and H n (N , N ′ ) are all trivial then so is H n+1 (φ, φ).
Proof. The proof is similar to that of Proposition 3.3 in [21] .
Deformations of n-Lie algebra morphisms
In this section, we aim to study one parameter formal deformation of n-Lie algebra morphisms. Deformation theory using using formal power series was introduced first for associative algebras by Gerstenhaber [10] and then extended to Lie algebras by Nijenhuis and Richardson [18] . Deformations of n-Lie algebras has been discussed in terms of Chevalley-Eilenberg cohomology in many articles, see [16] for a review. Recall that the main idea is to change the scalar field K to a formal power series ring 
The deformation is said to be of order
Definition 4.2. Let φ : N → N ′ be a n-Lie algebra morphism. Define a deformation of φ to be a triple
] is a n-Lie algebra morphism of the form φ t = ∑ n≥0 φ n t n where each φ n : N → N ′ is a K-linear map and φ 0 = φ, such that φ t satisfies the following equation
, which is called the infinitesimal of the deformation Θ t of φ is a 2-cocycle in C 2 (φ, φ).
Proof. Let φ : N → N ′ be a n-Lie algebra morphism, we have the following deformation equation
Expanding this product in a power series in t, we obtain ∑ i+ j=s
For s = 1, we get
This is equivalent to the 2-cochain φ([x 1 , . . . , 
A deformation N t of N is said to be trivial if N t is equivalent to N , viewed as a n-ary algebra on Proof. The proof is straightforward and similar to that of the case n = 2.
Two deformations Θ t and Θ t are equivalent if and only if there exists a formal automorphism
Given a deformation Θ t and a pair of power series
be a deformation of a n-Lie algebra morphism φ : N → N ′ . Then 1. The infinitesimal of a deformation Θ t of φ is a 2-cocycle in C 2 (φ, φ) whose cohomology class is determined by the equivalence class of Θ t .
There exists an equivalent deformation
Proof. 1. By Proposition 4.3, θ 1 is a 2-cocycle. Now, if ψ t is a formal automorphism, then the 2-cocycle θ 1 and θ 1 differ by a 2-coboundary. Write
2. Define a pair of power series ψ t = (ψ N ,t , ψ L,t ). According to Definition 4.6, we define equiva-
Obstructions
′ ) be two n-Lie algebras and let φ : N → N ′ be a morphism of n-Lie
Given a deformation Θ t of order N, it is said to extend to order N + 1 if and only if there exists a 2-cochain
) ∈ L(N ) and z ∈ N , the (N + 1)-equation of (13) can be written as
Set Ob N to be the right hand side of (14) for the obstruction of a deformation of a n-Lie algebra N . Similarly,
where
for the obstruction of a deformation of a n-Lie algebra N ′ . On the other side, the deformation equation associated to φ is
For an arbitrary N > 0, the (N + 1)-equation may be written as follows:
for the obstruction of the extension of the n-Lie algebra morphism φ.
be two n-Lie algebras and φ a n-Lie algebra morphism.
Therefore the deformation extends to a deformation of order N + 1 if and only if Ob is a coboundary.
Proof. We must show that
One has already that δ 3 Ob N = 0 and δ 3 Ob N ′ = 0, then it remains to show that
∈ L(N ) and z ∈ N . We have
Now, we search the terms φ • Ob N (x 1 , x 2 , z) and Ob N ′ (φ(x 1 ),φ(x 2 ), φ(z)) in δ 2 Ob φ . By a straightforward but lengthy computation, we can check that the remaining terms of
written as follows Then, the N-order formal deformation extends to a N + 1-order formal deformation whenever Ob is a coboundary. 
Examples
In this section, in order to illustrate the theory, we provide some examples of cohomology group computations and deformations. The calculations are done with the help of the computer software Mathematica. 
Conclusion.
We have performed some computations of cohomology groups for 3-Lie algebra morphisms and applications to deformation theory. This is in order to illustrate the new cohomology of 3-Lie algebra morphisms introduced in this paper.
